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* Introduction

‘Perhaps the most distinct difference between modern econometric
* analysis and classical mothods is the difference of ‘the specification of
“the rote - pluyed by time as a variable. Classical methods used to
- consider time not merely as an independent vaﬂable, but as & cauge
of changes ‘in economic magnitudes over time. The result was the
deveiopment of time series analysis in the direction of ‘difining
certain time c\,mponents and isolating the effects of each component
by means of certain . time-functions. “Thus *“trend” used to be
considered a8 a certain function (e. g., a polynomial) in time, - Periodic
functidns were consideted in order to account for the cyclical and
seasona]l components whenever they are suspected. These three
“components were held responsible for the systematic behawiour in -
. economic time series. - What was left over and above -was' considered
as o'randem component. No constructive attermpt had been made for
1dent1£ymg the parts of these random elements with their ma]or
'somrees, namely, obsepvatmn errors and ergors jn behav;our.

The purely temporal explanat}ons were not the only e*{p'.lunatlons.
In many cases attempts were made to ldentlfy one or more of the
above  mentioned components with certain exogenous elements
changing over time. Such elements were exogenous in the sense’ that
they originate outside the economic system, thus affecting it withourt
being ‘affected by it.  One had therefore to look for meteorological
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affecting the structural economic relationships. If we then consider
time as a dummy shift {rar_iable, then there is no reason to cofine ‘the
class of shift variables to trend terms alone. Any shift variable which
suits the description of the shifts suspected to exist in the relat10nsh1p :
can be used. It is our purpose here to study rnother type of shift
variables which is capable of taking different levels at different
periods of time in a rather discontiunous manner. The problem i is
highly connected with the treatment of seasonal variations in the
snecmc matner suggsted in the followmg sections. o

Now, if the tlme-umts used are shorter than a year, one has to
account for seasonalities, The’ classical approach would attempt at
'constructmg some simple model which helps to isolate the seasonal
elements, either for purposes of estimating their magmtudes, or for
their elimination. Such models assume—either explicitly or impli-
- citly—some sort of an assumption. on the -behaviour- of economic
variables, and on the relationships between their components. The
validity of the estimators of the structural parameters would therefore
depend on the validity of the assumptions underlying the method of
deseasonalizing the variables, and the consistency between these
assumptions and those underlying the spec1ﬁc methods of structural
estimation adopted. '

1t is then but natural to extend our orxgmal system OE equatlons'
50 as to take into account seasonal variables. The | process of estima-
tion to be adopted would be then that one which conforms with the
new model; and not the one which is used with respect to aninual data
‘as applied to seasonally adjusted series. This. approach has been
suggested by Prof. Klein("), but its implications have not been
studied in full detail yet. This led Prof. Robert M. Solow to pass
~ the following comment on Klein’s approach in his review(? of hlem 8

book [1] : *

(_1) See [1'] L. Klein : A Text book of Econometries —and 2] L. Klein ;
and H, Barger: “A Quarterly Model of the United States Economy
J. A B, A, Vol. 49, 1954 pp. 413-37.

(2) Bee the Amerman Economlc Revxew 1955 P. 429
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. "Phus (1) becomes :
B - : m’ S P o : P
(1'2) Yts = ao+ =1 k1' Vrts + 15 a!i'-zi_t,sr '-ff_',u"t,s N RS

Where v_ are seasonal variables, i, ¢., variables responsible for
seasonal vamatlons in the equation. They are mdependent oE the u's,

~and are linearly mdependent of the Zs.

(2) The Unrestricted: Multiplicative Case: ‘
‘ Pefhaps other parameters, in addition to the constant

term are affected by seasonal ehange™. Gbid)y = -

_ ;Accofaingly' (1) becomes :
: : P SR
(1'3} S Y AT__.iEo ( E k Vrts) (ai lts) + 1]
where z = 1 for all t and 8, 80 that a_ is the constant term.

(3) The Restrictéd Muﬂupl’ﬁcatwe Case

the formula suggested by Ktem andf Barger [2] T‘hus

(L. 4) ' Z kr Vrts) ( ifot f; z;it;) _"F:ﬁ:; o

In all the abové ‘formulatioris we assume that the u's are mom-
anto-correlated, and that théy are inciependent of the v’s and the z’s.
The variables v
dvailable, However, the usual case is that infermation:on such
variables is lacklng, and: we shill assume; as Klein-did, that: ‘they: are

shift (dummy) variables given by: ' IR LS

4

(L5) . vymv, =0, . (t8=1,,..,m)

‘cani hé used whenever .enqugh: observations are .
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since T= Z n. Thus the matrix in (2.2) is nonsingular. « This is
due to the fact that in any r-th segment of a year, the v’s satisfy the

homogeneous equation:-

(2.3) Vv, T [ T=1—1=0

This means that we eannot obtain estimqte,é for all coeflicients.
simultaneously. We have to choose one of them arbitrarily.
Now, since (2.1) gives:

(2.4) Y = a + ks +

8

we can fix a_ arbitrarily, and obtain the corresponding estimates of
the k’s. To remove this arbitrariness, we add another suitable relation.
between the parametera The one which would recommend itself is
 that the annual effeet of the season would be zero. This would enable '
us to pass from the sub-annual relation to the annual one by summing

up the seaSOnal effects to zero ‘Hence we take:
b n_k =.O ,.

Tt follows that a, =Y, namely the aveiage over all points of

observation. Our model becomes, therefore :
. (2'5) " yts':-' .kl Vl+ kz‘ vz + ceen F km. -Vm + 'ut
where, y, =Y _- Y. In this case we have:

1 |
(26) M= [n 8] M =T[5 n]
~ On the other hand, if y, is the average of the deviations of Y,

i.e., of the observations in the i-th segment, from their average Yi, then:

(27) myv, =1- yi / T .
1 N L . -




1# we déeids to estimate all the parameters simultaneously we should
obtain the same estimates as those given by (2.10). Forif we define:

A A

(211) b= (a k) and X =[Z V]
then, | | .
M M Tl
1 . _ N[_z'z sz

w T T T I M M
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Denotmg the inverse M__ Lhy Kxx, we can partitlon it in the same
manner and obtain for the submatmces in the ﬁrst colunin ;

® = (v)sz_:«l . K =_Ml. ™M '(V)M_zl
? ey " vE 22

k14 2 vz

where (V)M is deﬁned accordmo’ to (2. 9) Hence:

a=m._ K =m (V)I\/E_'1 —m_ M"“IM On—1
X Xz ¥z 72

_ '(V)my, {V)M;l.
exactly as in (2. 10) _

To conclude the discussion, we can say that the resultb of usmg
formulation’ (1.2) -and: (1.5) are the same’ as those -of : the - classical
methods. We have to beat in-mind the nongingularities invelved, and
the exact number of degrees of freedom lost, - On .the other . hand if
the lmear;co.mbmatxon 28 B is sufficient to explain trend” in Y,

we can kghore trend terms. ‘T this is not true; we can ‘inelude thensy

_and the estimation equatlons will remain formally the same. The use

of ad']usted series might Belp to réduce the burden of computatlons but

it sh(}uld riot conéeal thé loss of degrees of freedom: - On' the ‘other
ha.n& if the seasona.l parameﬁer estimated tdrn to be msmgmﬁcantlj'
dlf‘t’erent from zers, we might coficliide that Y ad;]hsts itself to chanhges
it %, whether these changés are of 4 permaﬁent natdre of ‘ate simply
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its inverse can be partitioned as follows:

(34H)M =[ M, 0 .....0 - |and M '=| Mjj'0......0
' —1
o M_..... o o M o
o 0 M 0 0..... mM_!

Thus the usual 'Ieaét-s;quare.s formulae show that the estimates of
the c’s are those which ean be obtained by applying least-équaires' to
~ each of the m e‘quations (3.2) one at a time. The residual variance,
however, i1s estimated here as the sum squares of residuals over all
the T observations points, divided by the total number of degr_ees'_of
freedom, T—m (p-+1). Clearly this requires that T > m (p+41).
The covariance matrices of the estimates differ by a scalar multipl_iet-
from those obtained for the r-th equation in isolation,'ovﬁing to the

pooling of the residual variances.

The relation between this formulation and classical methods is

not quite evident as in_the previous case. However, one can argue

as follows. Let there be some seasonal indices, dYr and d, for the

variables Y and z, in the r-th season. If we denote to seasonally
adjusted var{iableé by Y* and zf , then the obgerved values in the r-th
eeasod would be¥ Y = dyr Y* and z = d, z". The economic relation
might be considered as unique for all seasons if it were constructed
in terms of the deseasonalized variables. Thus:

* V *

(38) Y, = Taz, +u,

ts PR Cits

1 always,

(4) We can consider d__= 1, to allow for the fact that Z o
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If on the other hand we assume that w, possess the properties of
the the u's (viz, they have constant variance), then we come back to

~ the same position as that given by (2.5) and (2.8).

This simple example suggests that formula (3.2) can be considered -

in a sense as an extension of the simple additive [case, where the
season affects all structural parameters additively. A change in the
specifications of the properties of the disturbances would alter the
results considerably. In particular, the estimation of the parameters
in (3.8) by least-squares directly would introduce certain complications
which will not be considered - here. A. discussion of the case where
u* s of a constant variance would lead us away from the originaj
specification given by Klein. But one should be aware of the
implications suggested by such an assumption with respect to the
residuals in both (3.5) and (3.6).

4,—The Restricted Multiplicative ‘(.j‘ase :

This case, which is represented by (3.2) and (3.3), raises new
difficulties. The restrictions given by (3.3) show that we cannot apply
least-squares directly. Therefore we shall write down the logarithmie
likelihood function (L. L. F.) and obtain maximum likelihood estimates.
We shall assume (without loss of generality) that T = nm, where n is

-an integer. The L. L. F.is:

20>

| o1 1
(4.1) L = constant — g log o — ( ) . Q

where,

ey
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We can express first and second derivatives of L as follows:

oL _ 1 L _ 1 ) f
. ok Q% oa  Q
t -,
L1 2 L 1 |
oL _ —(~F)+-—¢eze ,=_____[__ >3 kz-M(S)]
- JK Jk Q Q da’" da Q £
:\ 2 . &% L 1. 2
+— ¢gh ' -—=—'(H—~ZC)+"—'gh
Q dk' da Q Q*
_ Accordingly, we can obtain the requlred coefﬁcwnts estimates
from ;
chiedines s o A T "' . ’A‘ Co .
(49) HY — Fw =0 co kK = F e
(4.10) - ﬁH-— zﬁ: AME =0 - zf;: AME — ik m?’)
R A 8 Z ) ‘g U 4 . s 8 2
This means -tha.,t,
A 1
—_— &)
ks - & M(B) & Z ( 7] ])
“We introduce a new set of variables dariables defined as follows :
A . .
(4 11) Xitszksrzits‘ ‘ ‘ (120’ 1’ C ’p)
H_enoe,: s
C@12) m9—tm® MO frme
, ) S - S s 4 e o
LY \.Fau-rether-,-'
. ) A s . A B
(418) m = = k, m® M, = =k M
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- we use the well-known max1mum likelihood property, namely that for
large T, the variables ¥ (p —p,) are distributed asymptotically
according to e multivariate normal distribution with zero means and

‘a vamance covariance matrix V given by :

, v _[_ L
A : )
The estimate Vi, of V,, is given by substituting in (4.18) the

maximum—likelihood estimates of the parameters, so that we can

express the variance matrix as a function of the observations.

Tt is clear that by the time we reach the last round of iterations
we would possess estimates of the matrix M_ and its inverse M !
Substituting the estimates of the parameters in (4.4) we obtaii :

o (s) e "
—_— 8]~
F= . ars_ i Mzz. & A J = ks _-zml] ]] .
We then define the ma'trices:"
. . A ‘ .. : a1 L
L"-"—"?C*—-H ) ’ K=F_~.LMXK L

~ The inverse K™ can be obtained by w'e]l-known' methods. I‘he
variance-covariance matrix of the a’s will then be:
(419) v = Q(M '+Ml Lk L M)

where,

L _ ‘ -
Q=m_— 2 kH'aT kFK'
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On the other hand, the unrestricted multiplicative case is in many
respects useful in this field. First, it shows us how we can combine
two distinctly different periods, thus allowing us to retain a fairly
acceptable number of degrees of freedom. Further it shows that we

‘can use a simple formula to prove the fact that if an equation has

assumed different parameter levels at two ‘periods, then a proper test
of significance is available in a simple manner. The method gives us
directly the estimates reqaired to test the differences between the two
sets of the parameters estimates taken for the same equation at two

- different periods or from two different samples. Thus, if the

underlying regression equation is :

{5.1) Y, = a +_ % a, Z, +u,

we define a variable v, such that :

| Vt=0,f0rt=1,2,...,T', V=1 fort=T+1,.,.,T

The regression equation becomes :

(5.2) Yt = (a +lk0 v)+ > (a, -+ ki v) Zit + ﬁt

which meanes that :

(5.1) holds for t = 1,2, ..., T’, and

(5.3) Y, = @, +k) + 'z(a.-l-k)Z +u @ort=T+1,...,T)

It the additive case, we have only shifts in the constant term,
while all k 0. In the multiplicative case, we can estimate the

‘coéi‘ﬁc:ents directly using (5.1) and (5.3) for the two periods. The

residual variance is estimated by the sumsquare of all residuals dividea
by the total number of degrees of freedom, viz., T — 2 (p+1). Apart
from .this, the variances of the coefficients’ estimates in either case
will be proportinal to what obtains divectly from smlple least squares.
All what bas been said in dealing with seasonal variations, applies

here, with obvious modifications.
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